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Dynamic Mixed Duopoly
A Model Motivated by Linux versus Windows

Ramon Casadesus-Masanell
Pankaj Ghemawat

H A R V A R D B U S I N E S S S C H O O L

� Abstract
This paper analyzes a dynamic mixed duopoly in
which a profit-maximizing competitor interacts with a
competitor that prices at zero (or marginal cost), with
the cumulation of output affecting their relative posi-
tions over time. The modeling effort is motivated by
interactions between Linux, an open-source operating
system, and Microsoft’s Windows, and consequently
emphasizes demand-side learning effects that generate
dynamic scale economies (or network externalities).
Analytical characterizations of the equilibrium under
such conditions are offered, and some comparative
static and welfare effects are examined.

� Keywords
Open Source Software, free software, mixed duopoly,
Linux, Microsoft.

� Resumen
Este documento de trabajo analiza un duopolio
dinámico mixto donde un competidor que maximiza
beneficios interactúa con otro que fija precio cero (o
coste marginal) para sus productos y donde las ven-
tas acumuladas afectan sus posiciones relativas en el
tiempo. El modelo está motivado por las interacciones
entre Linux, un sistema operativo de fuente abierta, y
Windows de Microsoft, y consecuentemente enfatiza
el aprendizaje por parte de la demanda que genera
economías de escala dinámicas (o efectos de red). El
presente trabajo ofrece caracterizaciones analíticas
del equilibrio así como resultados de estática com-
parativa y bienestar social.

� Palabras clave
Software de fuente abierta, software libre, duopolio
mixto, Linux, Microsoft.
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1. Introduction

OPEN-SOURCE Software (OSS), particularly Linux, has attracted consid-
erable interest recently 1. What has perhaps sparked the most interest
amongst researchers is the observation that since the provision of OSS and
its continued improvement is a costly activity, it is made available publicly at
a price (typically zero) that does not reflect the economic costs of the re-
sources that developers and others expend on it. What, then, motivates the
resource contributions to Linux and other OSS development efforts?

However, conditional on the requisite resource contributions being
made, there is a second question that is of interest as well: what competitive
dynamics are introduced to markets by not-for-profit OSS initiatives and, in
particular, how are they likely to fare relative to their for-profit proprietary
competitors (e.g., Microsoft’s Windows in the case of Linux)? Unfortunate-
ly, there has been relatively little analysis of this second question despite its
importance. This paper makes a start at remedying this state of affairs by ana-
lyzing a simple model that captures two key features of the competition be-
tween Linux (or, more generally, OSS) and Windows (or Microsoft and oth-
er for-profit providers of proprietary software): the dynamics of learning on
the demand side and Windows’ initial market power. That said, the model is
meant not to supply a literal representation of the interactions between
Windows and Linux but, instead, to provide a stripped-down theoretical
structure for weighing various claims about competition between these two
models of software development. Common assertions about OSS that our
theoretical analysis questions or qualifies will be discussed at greater length
below but include the notions that:

1. Given faster demand-side learning with OSS development efforts,
they will overtake or even oust proprietary development efforts
from markets.

2. OSS is inherently incompatible with the protection of property
rights. 

5
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3. Governmental commitments to promote OSS increase social wel-
fare by increasing the viability of such development efforts and
thereby lowering prices.

4. Forward-looking buyers tip market outcomes towards OSS and
away from proprietary software.

Some empirical evidence is also brought to bear on the identification
or analysis of these claims.

Section 2 discusses prior studies on OSS. Section 3 sets forth the
benchmark model of competition between OSS priced at zero and for-profit
proprietary software. Section 4 extends the analysis to look at the effects of
piracy, governmental commitments to promote OSS and forward-looking
buyers. Section 5 concludes.

ramon casadesus-masanell and pankaj ghemawat
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2. Prior Research
on Open-Source
Software

MUCH of the prior literature on Linux/OSS focuses on how OSS devel-
opment efforts are organized, particularly (as noted above) the satisfaction
of the individual rationality or participation constraints of user-developers
who are critical to learning on the demand side. For compactness, we will
refer to this as the organizational strand of research on OSS.

The most focused substrand of the organizational research on OSS
has assumed utility-maximizing (potential) users/developers and tried to
derive various sorts of comparative static predictions about their develop-
mental contributions. In early work of this sort, Thorn and Connolly (1987)
used theories of the economics of public goods to argue that that the rates
and effectiveness of discretionary information sharing amongst employees
in an organization would tend to decrease as (1) participation costs in-
creased; (2) the size of the overall group increased; (3) the lower the value
of information to participants and (4) the greater the asymmetries in infor-
mation values and benefits across participants.

More recent work in this line has pushed farther with formalizing
these insights and developing new ones. Thus, Kuan (1999) framed con-
sumer choice between OSS and proprietary software as a make-or-buy deci-
sion, with the former option entailing a further decision about how much
effort to exert contributing to the quality of software (a public good), and
concluded that the advantages of OSS were higher for programmers than
nonprogrammers. She also inferred that if most high-paying users were also
programmers, open source or community organization would be more like-
ly (e.g., engineering tools or utilities) whereas if most high-paying users
were nonprogrammers, proprietary or closed organization would be more
probable (e.g., word processors, spreadsheets and other products with a
broad non-engineering market). Bessen (2002) also analyzed a self-selection
model with consumers helping test and debug different variants of a com-
plex product with many (interacting) features, of which only a fraction
might be valuable to any particular user. He concluded that given OSS, indi-
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vidual users who placed a high enough value on the product would test and
debug their own use-product and that as long as costs were sufficiently low
and product complexity sufficiently high, more use-product combinations
would be tested with open source than under the proprietary case, a larger
market would be served, and social welfare would be higher. Johnson
(2002) analyzed a self-selection model with various informational imperfec-
tions and concluded that whether OSS development would increase when
applications had a modular structure depended on whether the developer
base exceeded a critical size; he also provided some finite and asymptotic re-
sults of effects of changing the population size of user programmers and
tried to explain why certain useful programs do not get written. Xu (2002),
with a variant of the same basic model, showed that decreasing develop-
ment costs need not necessarily increase the amount of OSS software devel-
opment. And so on.

A second substrand of the organizational literature has looked some-
what more broadly at whether OSS development efforts can be explained as
the outcome of private cost-benefit analysis by user-developers or whether
other, less conventionally economic motivations — e.g., altruism, participa-
tion in a gift economy/culture in which social status depends on what one
gives away, or even a visceral dislike of Microsoft — need to be invoked to
explain private provision of the public good of improved software quality.
Thus, Lerner and Tirole (2002) argued that conventional cost-benefit analy-
sis may be sufficient once one accounts for benefits related to career con-
cerns and ego gratification (stemming from peer recognition) that induce
an incentive for an individual to signal high quality through participation
in OSS development. They also suggested that signaling incentives might
be strengthened in OSS environments by better performance measure-
ment (given the care with which individual contributors tend to be credit-
ed), full initiative by (empowered) programmers, and greater labor mar-
ket fluidity/knowledge portability, and that other factors favorable to
open source include modularity, the existence of fun challenges and
credible leadership. And in a similar vein, Lakhani and Von Hippel
(2002), looked — in the context of Apache — at the performance of the
mundane but essential task of providing high-quality field support (to
overcome either defects in the product or deficiencies in the user’s under-
standing) and concluded that the need for explanations such as altruism
and even (delayed) signaling benefits was limited by the inference that
most of the effort information-providers expended could be understood
in terms of the direct rewards they derived immediately, i.e., in terms of
learning for themselves.

ramon casadesus-masanell and pankaj ghemawat
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A third, more miscellaneous substrand of the organizational literature
on OSS has taken the even broader, more inductively-oriented approach of
describing the actual organization of such software development efforts.
Thus, three of the core contributors to the development of Apache,
Mockus, Fielding and Herbsleb (2000) built on their experience of that proj-
ect, as well as the history of others, including Linux, to offer some rough
numerical requirements for their organization: a core group of developers,
no larger than 15 people, to control the approval and integration of
new/modified code into the ongoing stream of official releases — a
process more centralized than most others in OSS development — and to
create more than 80% of new functionality, strict code ownership policies to
disaggregate OSS efforts that would otherwise be too large, a group larger
by an order of magnitude than the core group to repair defects, and a
group another order of magnitude larger yet to report problems. The gov-
ernance of such projects and, specifically, the legal tactics employed to
protect the public property that they create, are discussed by O’Mahony
(2003).

But these and other organizational issues surrounding open source,
while undeniably interesting, are far from the only ones of interest. A sec-
ond distinct set of issues concerns the outcomes to and implications of
competition between OSS priced at zero (e.g., Linux) and for-profit pro-
prietary software (e.g., Windows). This competitive strand of research on
OSS is much less developed than the organizational strand discussed
above even though the rhetoric about it — open source as innovation sav-
ior versus destroyer — can get quite heated. While papers that focus on the
relative efficiency of open and proprietary development models are obvi-
ous reference points, they generally neglect interactions between the two
models and the effects of moving late versus early in determining competi-
tive outcomes (e.g., Kogut and Metiu, 2001). Still, some specific analytical
contributions are worth noting. Bitzer (2000) proposed a simple model to
make the point that the less the heterogeneity in product space between
OSS and proprietary software, the more likely competition is to collapse
prices below the levels necessary to support the proprietary software devel-
oper’s (higher) average costs and lead it to abandon its development ef-
forts. Dalle and Jullien (2002) employed a simulation approach to estab-
lish that that increasing returns associated with creativity and their
(re)distribution toward end-users could create global and local positive ex-
ternalities strong enough to help Linux reverse current standardization
on Windows 2000. And Schmidt and Schnitzler (2002) set up a simple, es-
sentially static model of Hotelling-like horizontally differentiated competi-

dynamic mixed duopoly: a model motivated by linux versus windows
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tion between OSS and for-profit proprietary software and showed that
within that setup, mandated procurement of the open-source product
would unambiguously reduce welfare. None of these papers, however, re-
ally embeds the competition between Linux and Windows in a dynamic
model with demand-side learning.

ramon casadesus-masanell and pankaj ghemawat
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3. A Model of Open
Source versus
Proprietary Software

THE most direct antecedents of our modeling effort are to be found in
the literature on mixed duopolies: duopolies in which competitors have het-
erogeneous objective functions. This line of work began in the 1960s
(Merrill and Schneider, 1966), with De Fraja and Delbono’s (1990) survey
still providing a useful guide to the earlier literature. Since then, there has
been substantial additional work in this area, much of it spurred by (partial)
privatization (e.g., Anderson, De Palma and Thisse, 1997 and Matsumura,
1998). However, much of this work either focuses on homogenous goods
markets (which, Cremer, Marchand and Thisse, 1991, point out, are likely to
be particularly incompatible with mixed market structures) or takes a static
perspective on small-numbers interactions. Neither assumption is appealing
in the context of Linux versus Windows.

To capture some of the stylized features of the interactions between
Linux and Windows, we set up and analyze a model of vertically differentiat-
ed mixed duopoly in which the evolution of levels of vertical differentiation
is driven, at possibly asymmetric rates, by demand-side learning.

This formulation implies an important link back to the literature on
competitive learning-by-doing (Spence, 1981) and, less directly, to the litera-
ture on network externalities. One of the distinctive features of this paper in
the context of these two literatures is its focus on mixed rather than sym-
metrically profit-maximizing competitors. Another relatively unusual feature
is the focus on demand-side learning that increases benefits to users instead
of supply-side learning that decreases costs. OSS development is thought to
harness demand-side learning more effectively than traditional closed models
by compressing development cycles, leading to the testing of more use-combi-
nations, and providing more of an incentive for users to report problems or
fixes than closed models. Such quality-enhancing, demand-side learning
effects have been compared to conventional cost-reducing supply-side learn-
ing curves with their traditional industrial logic of cutting price, gaining
scale and reducing costs particularly rapidly (e.g., by the Boston Consulting
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Group). In the context of OSS, the virtuous cycle involves giving source
code away, attracting users through performance advantages as well as zero
prices, and drawing on users’ learning and contributions to increase prod-
uct quality particularly rapidly. What is similar in the two contexts is the fo-
cus on increasing returns to scale; what is different is whether scaling up de-
creases costs or increases benefits to users. Thus, the model in this paper
can be read as an attempt to extend the literature on competition in the
presence of demand-side learning-by-doing to a duopoly structure in which
objectives are mixed rather than symmetric.

We begin by specifying the demand-side of the model. In each period t,
a new cohort of potential users enters the market. We normalize the size of
this cohort to 1. Let yi(t) ∈ RR+, i ∈ {W, L}, be the cumulative market share (or
installed base) of operating system (OS) i at time t. Parameter d ∈ [0, ∞] is the
rate of decay or death rate of past sales. If q(t) is the portion of individuals in
time t’s cohort who buy Windows, then

yW(t) = ∫t0 e–d (t – t) q(t)dt (3.1)

Differentiating (3.1) with respect to t, we obtain

ẏW = q(t) – d ∫t0 e–d (t – t) q(t)dt = q(t) – dyW(t)

Notice that regardless of the value of d, yW(t) ≥ 0 because q(t) ≥ 0 for
all t.

We assume that every individual in each cohort uses one and only one
OS; she either buys Windows or downloads Linux for free. Thus, if 1 – q(t)
is the portion of individuals in time t’s cohort who download and use Linux,
then

yL(t) = ∫t0 e–d (t – t) (1 – q(t))dt

and

ẏL = 1 – q(t) – dyL(t)

Let y(t) ≡ yW(t) – syL(t), where s is a scalar greater than 1. Let ai(y(t)) de-
note OS i’s value by the cohort entering at time t. We refer to ai(y(t)) as OS
i’s technological trajectory. OS i’s trajectory is a function of its cumulative
market share, yi(t), and the competing OS’s cumulative market share, y– i(t).
While technological trajectories are exogenously given in the model, how

ramon casadesus-masanell and pankaj ghemawat

12



far each OS travels down its trajectory is endogenous; the result of the dy-
namics of competition.

When d = 0 the effect of past purchases on the current value of Linux
and Windows (ai(y(t))) never fades. Clearly, if d = 0 and q(t) ≥ a > 0 for all t,
then yW(t) → ∞. At the other extreme, when d = 0 the effect of past pur-
chases on the current value of Linux and Windows fades immediately. In
this case we have yW(t) = q(t) ≤ 1 for all t and market shares never cumulate.

Assumptions:
1. We assume linear demand functions: Windows’ value to customer

q ∈ [o, 1] is

aW(y) (1 – q) (3.2)

Similarly, let the value of Linux be

aL(y) (1 – q)

Graphically, 

dynamic mixed duopoly: a model motivated by linux versus windows
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2. ai(y) ≥ 0, i.e., OS i’s value is always positive or zero. Thus, techno-
logical trajectories are assumed to be bounded below. This guarantees that
the demand functions are well defined. We further assume that limy – ∞aW(y) = 
= limy – ∞aL(y) = 0, i.e., OS i’s value approaches zero if virtually everybody uses
the other OS. We do not assume that there is an upper bound on the maxi-
mum value created by each operating system. 

3. , i.e., that OS i’s value increases with OS i’s cumulative

market share. This captures two kinds of effects: the more people use (or
have used) a given OS, the more feedback is likely to have been provided
for improvement. In the case of open source projects, users can make im-
provements directly on the code. In the case of proprietary software, users
can call up or email the software developer with suggestions. In addition,
the larger is yi(t), the more complements are likely to be available for OS i.
Complements’ availability raises the value of the OS. 

The assumption also implies that , i.e., OS i’s value de-

creases as the cumulative market share of the competing OS increases.
Again, this is related to the attention and effort that third-party developers
devote to creating new and improving old software and hardware. An OS is
more likely to get developers’ attention if its cumulative market share is rela-
tively large. The larger is y– i(t) (holding yi(t) constant), the less effort is de-
voted to develop complements for OS i, and vice versa. This reduction jeop-
ardizes the value of OS i because bugs are not fixed as often, programs are
not updated, new software and hardware may not work/communicate as
well with existing software and hardware, unforeseen compatibility issues
are more likely to arise, etcetera. 

4. Let y0 be the value of y for which both Linux and Windows are
perceived as equally valuable. That is, aW(y0) = aL(y0). (Assumptions 2 and 3
imply that y0 exists and is unique.) Then, and 

for y > y0. This assumption says that increases in yW when aW(y) > aL(y) have a
decreasing marginal effect on the value of Windows and that increases
in yL have an increasing marginal effect on the value of Linux.

As mentioned above, we assume that everything else constant, as yi

grows, the vertical intercept in the demand function of OS i (ai(y)) also in-
creases. Thus, as the accumulated market share of OS i grows (holding con-
stant y– i), the value of OS i grows for all new entrants. 

Within this context, we capture Linux’s superior demand-side learning
with the assumption that s > 1. Recall that y(t) ≡ yW(t) – syL(t). Formally, s is the
absolute value of the derivative of y with respect to yL. Because s > 1, increases
in yL have more of a positive impact on perceived quality of Linux than the

ramon casadesus-masanell and pankaj ghemawat
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negative impact of comparable increases in yW. Parameter s has two complemen-
tary interpretations: the differential in demand-side learning between Linux
and Windows and the differential strength of network externalities due to the
availability of complementary software. Thus, for a given level of network exter-
nalities due to complements, increases in s correspond to a strengthening in
Linux’s demand-side learning. In what follows, we analyze the dynamics of
competition and its effects on cumulative market shares yW and yL.

The model is meant to supply a stripped down structure with which to
work rather than a more or less faithful representation of the actual interac-
tions between Linux versus Windows. For instance, while the model does pay
explicit attention to learning from demand-side interactions and the possi-
bility that learning rates might vary across open source and traditional de-
velopment models, somebody immersed in the details of learning in open
source environments will probably still find its treatment here underdevel-
oped. Maintaining (near) tractability is the most compelling reason for not
further complicating the treatment of demand-side learning in particular
and the model in general. And despite the resultant disjunction between
the real circumstances of the interactions between Linux and Windows and
the set-up of the model, we think that the model’s sparseness brings into
sharp focus certain effects that should, at a minimum, be kept in mind in
the real world context (as opposed to not being recognized at all).

We distinguish between two cases: one in which Microsoft is a monop-
olist and another in which it is a duopolist, competing to sell Windows
against Linux.

3.1. A monopoly benchmark

In a monopolistic market structure, there is no substitute for Windows and
all members of the entering cohort are willing to pay something (even only
a small amount) for Windows. Inverse demand follows directly from equa-
tion (3.2). 

Let r be Microsoft’s discount rate and assume that marginal cost of an
extra copy of Windows is zero. Then, the monopolist’s problem is

maxp(t) ∫
∞

0
e– rt q(t)p(t)dt

subject to
ẏW = q(t) – dyW(t)
p(t) = a (yW(t)) (1 – q(t))
aW (0) > 0
p(t) ≥ 0

dynamic mixed duopoly: a model motivated by linux versus windows
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Lemma The unique stable steady-state yss
W satisfies:

Furthermore,  1–-2d ≤ yss
W ≤ 1–d

Proof. The proof involves using phase diagram analysis to graphically
represent the path leading to the steady state and show that the path is opti-
mal by checking Mangasarian’s sufficient conditions 2. 

The following phase diagram summarizes the analysis (m is the Hamil-
tonian multiplier—see proof):

Because the value of Windows increases with the installed base yW, the

monopolist sets prices below the myopic profit maximizing price
to enlarge the accumulated market share. The proportion of individuals in
every cohort who buy Windows is always larger than 1–2. This allows the mo-
nopolist to charge higher prices in the future. 

The following comparative statics are of interest:

ramon casadesus-masanell and pankaj ghemawat
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Proposition 1. a) c) limd→ 0 + yss
W = ∞; d) limd→ ∞ yss

W = 0
and e) limr → ∞ yss

W =  1–-2d .

That is,
a) an increase in the rate of decay of past sales has a negative effect on

Microsoft’s ability to build the installed base. Thus, as d increases, the
steady state value of Windows aW(yss

W) is reduced;
b) the more myopic Microsoft is, the lower the long-term steady-state in-

stalled base;
c) as the decay rate approaches 0, the steady-state installed base increases

without bound;
d) as the death rate approaches infinity, it is harder and harder for Mi-

crosoft to build an installed base. As a consequence, the steady-state
installed base approaches zero;

e) if Microsoft was only concerned about the present, then prices would be 

set at the short-term profit maximizing level . In this case,

q(t) = 1–2 for all t and accumulated market share at the steady state
would be limt → ∞ ∫t0 1–2 e –d(t – r)dt =  1–-2d .

We turn now to the case where both OSs are available.

3.2. Duopolistic competition

When both Windows and Linux are available and Windows is sold at price p,
the customer who is indifferent between the two, q, is given by:

aW(y) (1 – q) – p = aL(y) (1 – q)

Thus, inverse demand is

p = b(y) (1 – q)

where b(y) ≡ aW(y) – aL(y) indicates the value difference between Windows
and Linux. 

Notice that in this model, customers in every new cohort are assumed
to be myopic in the sense that they buy the OS that is immediately most
valuable to them (after subtracting price). This can also be interpreted as
users thinking that the product has little durability (because of rapid inno-
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vation) and that they are too insignificant to affect the future value of an OS
by their purchasing decisions. The extension to the case of forward looking
buyers is developed in section 4.

We assume that at time t = 0 Windows is perceived as more valuable
than Linux. That is, b(y(0)) > 0. Note that when Microsoft sets p = 0 and
b(y) > 0, demand for Windows is 1 (the size of the entering cohort). Thus, as
long as b(y) > 0, Microsoft can capture the entire new cohort by setting
p = 0. However, in this case profit is also 0. The customer who most values
Windows, is willing to pay no more than b(y), an increasing function of
market share yW, for it. In contrast, if market shares are such that b(y) ≤ 0
(Linux’s perceived quality is at least as large as that of Windows), then
nobody is willing to pay anything for Windows.

Because yW(t) = ∫t0 e–d(t – t)q(t)dt, yL(t) = ∫t0 e–d(t – t) (1 – q(t))dt and y(t) ≡ yW(t) –
– syL(t), we have

ẏ = q(t) – s(1 – q(t)) – dy

Let r be the discount rate and assume that marginal cost of an extra
copy of Windows is zero. Microsoft’s problem is:

maxp(t) ∫
∞

0
e– rt q(t)p(t)dt

subject to
ẏ = q(t) – s(1 – q(t)) – dy
p(t) = b (y(t)) (1 – q(t))
b(y(0)) > 0
p(t) ≥ 0

We can therefore use standard phase diagram analysis to examine the
long-run dynamics of competition. Recall that y0 is the unique y such that
b(y) = 0.

Proposition 2. When y0 < 1–d Microsoft fights for market share and both
Linux and Windows coexist in the long-run, steady-state equilibrium, regardless
of the value of demand-side learning s. When y0 > 1–d, Microsoft is forced to leave
the market.

The two steady states y0 and yss are characterized by

b(y0) = 0
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and

When y0 < 1–d, there are two steady states: y0 and yss. Steady state y0 is un-
stable while yss is a saddle point. When y0 > 1–d, the unique steady state y0 is a
saddle point. 

Because Windows’s period t demand is Microsoft can

guarantee as large a period market share as it desires by setting p(t)
sufficiently close to zero. However, when y0 > 1–d, the death rate d is so large
relative to y0 that even if Microsoft set price zero in every period, it would
not be able to sustain a sufficiently large installed base to maintain the quali-
ty difference necessary to remain a long-term-viable competitor. Formally, if
Microsoft sets p(t) = 0 in every period, its period market share is 1. If it follows
this pricing policy in every period, its accumulated market share in the long-
run steady state will be limt → ∞ ∫t0 1e–d(t – t)dt = 1–d. Notice that if d is large, the
long-run installed base will be small. In fact, if the rate of decay of past sales
d is sufficiently large, Microsoft cannot maintain (in the long term) a suffi-
ciently large accumulated market share to remain viable. Thus, if y0 is large
relative to 1–d, Microsoft is eventually forced to exit. Notice that Linux’s differ-
ential demand-side learning s has no bearing on this result.

When the decay rate d is low, Microsoft is not pushed out of the mar-
ket by the free, open source operating system, regardless of the speed of de-
mand-side learning (the value of s) and regardless of the difference in poten-
tial maximum values (that is, aW(1–d) – aL(–s–-d )) 3. In particular, when y0 ≤ 0,
Windows never exits. For the rest of the paper, we will assume that y0 < 1–d;
that is, we will assume that we are in the (more interesting) case in which
Microsoft can fight to stay in if it wishes to do so.

The following comparative statics are of interest:

Proposition 3.

That is, 
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b'(yss) = (r + d) (s – 1 + 2dyss)
b(yss) (s + dyss) (1 – dyss)

3. If in every period the entire cohort buys Windows, we have limt → ∞ yW(t) = limt → ∞ ∫t0 1e–d(t – t)dt =
= 1–d and limt → ∞ yL(t) = 0. Therefore, limt → ∞ y(t) = 1–d. As a consequence, the maximum potential value
of Windows is aW(1–d). Likewise, if the entire new cohort in every period uses Linux, we have limt → ∞
yL(t) = limt → ∞ ∫t0 1e–d(t – t)dt = 1–d and limt → ∞ y(t) = –s–-d . As a consequence, the maximum potential value
of Linux is aL(–s–-d ).

q(t) = 1 –
p(t)

b(y(t))
,

a)  dyss
< 0 and b)  dyss

< 0.
dd dr



a) the larger is the decay rate, the smaller is the steady state differ-
ence in accumulated market shares between Windows and Linux;

b) the more myopic Microsoft is, the more similar are the steady state
perceived qualities of Windows and Linux. And the more patient
Microsoft is, the greater the long-term perceived quality advantage
of Windows. 

Because a monopolist can always set prices at the duopoly level, Mi-
crosoft’s steady state profit is lower in a duopolistic industry structure. Clear-
ly, at monopoly prices some customers prefer to get Linux for free. Microsoft
takes this into account and lowers prices.

The following proposition is central to our inquiry on the long-run
competitive dynamics between Linux and Windows. 

Proposition 4. Windows stays in the market even if Linux’s learning rate in-
creases without bound. Formally, 

y0 < lims → ∞ yss

That is, even if the sensitivity of y to yL grows to infinity, there is a lower
bound on yss which is strictly greater than y0. As a consequence, if Windows is
ahead, it will stay ahead regardless of the value of s. 

Contrary to earlier results on competition with network externali-
ties, in our model the failure of Linux to replace Windows is not due to
switching or search costs (see, for example, David, 1985). Furthermore,
the failure of a higher potential quality OS to eventually win the market
out is not related to demand-side coordination issues (as in Farrell and
Saloner, 1985 and 1986) because demand coordination does not raise the
instantaneous value of the OS on which buyers coordinate. In our model,
without Microsoft’s forward looking pricing strategy, Windows would in-
evitably wind up being replaced by Linux (whenever s > 1). Instead, it is
Microsoft’s strategic actions that generate the result. The market does not
fully tip to Linux because Microsoft’s strategic decisions prevent that from
happening.

More generally, much of the network externalities literature focuses
on one profit-maximizing firm versus another or, if looking at demand-side
issues, assumes competitive supply. Instead, we look at asymmetric/mixed
mode competition. In particular, the interaction between for-profit and not-
for-profit entities seems particularly interesting in the context of knowledge
development/innovation. In addition, our model features explicit dynam-
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ics, not a two period abstraction as in much of the literature on network ex-
ternalities.

Proponents of open source have long argued that the learning advan-
tage of the swarm will prove decisive in its interactions with commercial
software in many categories. This perspective can be traced back to Eric
Raymond’s (1997) famous assertion in The Cathedral and the Bazaar that “With
enough eyeballs, all bugs are shallow.” More recently, it has been elevated to
best-seller status in James Surowiecki’s (2004) The Wisdom of Crowds, which
celebrates Linux (among others) and argues that companies should adopt
similar decisionmaking models: “Any major decision should be taken by as
large a group of managers as is logistically feasible.” Our model suggests
that the swarm hypothesis is flawed: for a wide range of reasonable parame-
trizations, Windows stays in the market indefinitely and continues to lead
Linux even though the latter benefits from lower (zero) prices that boost
market share and therefore experience as well as faster learning from a giv-
en amount of experience as a result of different patterns of demand-side in-
teractions. One might think of this result as exposing one of the competitive
disadvantages of the swarm or a bazaar-based approach: a company can
strategize in terms of thinking nonmyopically (with myopic behavior, Win-
dows would quickly be forced out in the model), whereas it isn’t reasonable
to expect a swarm to do so.

The focus on modeling the effects of learning on the demand side
has induced some simplifications on the cost side. The baseline model in
this paper assumes that marginal costs are zero for both competitors. Cases
with symmetric constant marginal costs are structurally equivalent. The ef-
fects of cost asymmetries are less trivial. In particular, if Microsoft incurs a
per period fixed cost of development, that does increase the likelihood that
it will eventually be forced out of the market. However, it is also easy to
check that Microsoft stays in the market longer than it would if it were be-
having myopically, i.e., like Linux. So strategizing does continue to increase
the viability of Windows relative to Linux.

3.3. Welfare

The result that Microsoft’s steady state profit is lower in a duopolistic indus-
try structure suggests that a duopoly is likely to dominate Microsoft’s mo-
nopoly in terms of total welfare generation. Also, if Linux’s potential quality
is above that of Windows (aL(–s–-d ) ≥ aW(1–d), see footnote 3), one would expect
that Linux’s monopoly should dominate Windows’ monopoly and the duop-
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oly. In this section we analyze the welfare implications of each industry struc-
ture and show that neither of these claims is necessarily true. 

We begin by analyzing welfare for the new cohorts entering after the
steady state has been reached. That is, we look at the flow of total welfare at
the steady state. Using the equation of motion (ẏW = qss

W – dyss
W) and the de-

mand function, the steady state quantity, price and total surplus are derived
immediately:

Similarly, if Linux was a monopolist we would have that yL(t) → 1–d as

t → ∞. Therefore, aL(y) → aL(–s–-d ) and 

Because yss
W < 1–d , a sufficient condition for Linux’s monopoly to be so-

cially more desirable than Windows’ monopoly is aL(–s–-d ) > aW( 1–d). That is, if
the maximum potential value of Linux is larger than that of Windows, then
a Linux monopoly is preferable.

More interesting is the comparison between a Windows monopoly
and a Windows-Linux duopoly. The following figure summarizes the com-
putation of total surplus generated by the duopoly (total surplus is the sum
of the shaded areas):
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Computing the shaded areas we see that total surplus generated by
Windows and Linux are

and

Total duopoly surplus is TSDuopoly = TSW
Duopoly + TSL

Duopoly

Proposition 5. Steady state total surplus may be larger under Windows’ mo-
nopoly than under duopoly.

There are two reasons why duopoly can enhance surplus. First, be-
cause Linux is available, Microsoft is induced to set lower prices. Second,
those individuals in the cohort who do not buy Windows are not left emp-
ty-handed, they can download and use Linux for free and this raises total
surplus. However, the fact that part of the population uses Linux, lowers the
value of Windows (because there is some substitution of third-party comple-
ment development from Windows to Linux). If this effect is large, monop-
oly (where all developers produce complements for Windows) may result in
larger total surplus. 

We conclude this section with an observation about welfare on the
path to the steady state. As mentioned above, when aL(–s–-d ) > aW( 1–d), steady
state total welfare under Linux monopoly is larger than steady state total
welfare under Windows monopoly or duopoly. However, if it will take a long
time for Linux to build market share and Windows’ initial advantage is
large, Linux’s monopoly may still not maximize the net present value of to-
tal surplus. 
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4. Extensions

WE now present three simple extensions to the basic model: piracy of
Win-dows, strategic commitment to Linux by governments and forward-
looking buyers. Piracy helps Windows increase its steady state quality
difference, and may, therefore, result in increased profits for Microsoft.
Governmental commitments to promote OSS can actually reduce social
welfare. And forward-looking buyers may tip market outcomes towards
proprietary software.

4.1. Piracy of Windows

Microsoft executives have asserted on several occasions that OSS is inherent-
ly inimical to property rights and therefore it threatens the incentive to in-
novate and even the American way (Jaffe, 2001). In this subsection we look
both theoretically and empirically at this accusation through the lens of
softwarepiracy rates. 

Piracy has an obvious effect on Microsoft’s profits: users of pirated
software do not pay for the license to run Windows, therefore Microsoft’s
profits deteriorate as piracy increases. This argument, however, ignores
that pirates add to Windows’ installed base. Because the pirated software is
available at zero (or very low) price, the increase in the installed base due
to piracy may be substantial. And since the value of Windows (relative to
Linux) is positively correlated with the size of the installed base, piracy of
Windows makes it harder for Linux remain competitive. In fact, the theo-
retical model suggests that high piracy rates will reduce Linux’s share of
the market and increase Windows’. Put differently, Linux is predicted to
do better in institutional environments where the quality of software prop-
erty rights protection is also good. And a very basic empirical analysis sug-
gests that the estimated piracy rates do have a significant negative associa-
tion with Linux market share. So there is at least one sense in which one
can question the claim that OSS somehow doesn’t fit with good property
rights.
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We use an extension of the basic model to analyze the effects of
piracy. Suppose that every period, a portion r of the entering cohort pi-
rates Windows. We assume that the portion of pirates is small (positive
but sufficiently close to zero so that an interior solution exists). It is im-
portant to identify who these customers are. Suppose a portion m ∈ (0,1)
comes from individuals who would have bought Windows (high-value cus-
tomers) and the rest, 1 – m, would have gotten Linux (low-value cus-
tomers).

Proposition 6. The larger the piracy rate r, the larger the steady state differ-
ence in installed bases (yss

W – yss
L).

To test this proposition empirically, we use data from the Gartner
Group on the ratio of shipments of Linux and Microsoft server operating
systems in 45 countries in 2001, from the Business Software Alliance on pira-
cy rates in those countries, and from the Economist Intelligence Unit on
GDP per capita (as a control variable). An OLS regression of the Linux/
Windows ratio on the two other variables yields the following estimates: 

Note that while per capita income does not appear to affect Linux
penetration relative to Windows, piracy does have a significant negative ef-
fect — as predicted by the theoretical model. Steve Ballmer, the CEO of
Microsoft, may have had this effect in mind when he said in 2002 that he
had seen Windows selling in funny packages for $2.50 at a Beijing bookstore
and added, “I don’t mean to sound facetious, that’s not where we want to
be, but really, for most people in China, Linux and Windows cost the same
amount of money” (Schafer, 2004).

4.2. Strategic commitment to Linux 

Perhaps, unsurprisingly, Microsoft’s conflicting claims about OSS and intel-
lectual property rights do not seem to have had much of an effect on public
policy. In contrast, proponents of OSS appear to have helped induce mea-
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Coefficients Standard Error t Stat P-value

Intercept 0.041603882 0.129983312 0.320070952 0.750501449

Piracy rate –0.085058641 0.049258797 –1.726770564 0.091558265

In(GDP per head) 0.007707245 0.011396057 0.676308011 0.502552684

TABLE 4.1: Regression output. Dependent variable: Linux/Windows ratio



sures mandating various types of public preference for OSS in many juris-
dictions. In this subsection we analyze effects of governmental procurement
of OSS instead of proprietary software.

The theoretical model provides a structure for examining this issue.
Suppose that in each cohort, a measure ε > 0 of customers (who may or may
not be governmental buyers) is committed to using Linux. It is useful to dis-
tinguish between two polar subcases. In the first subcase, the potential cus-
tomers represented by ε would have used Linux even if they were not com-
mitted to Linux. In this case, there is no change to the outcomes previously
identified.

The second subcase is more interesting. Suppose that these ε cus-
tomers would all have bought Windows had they not been committed to
Linux. These are individuals that value Windows above Linux (after sub-
tracting p) but they use Linux instead. The following proposition shows that
with the presence of strategic buyers, if demand-side learning on the part of
Linux is sufficiently swift, Windows is in fact pushed out.

Proposition 7. Given a portion of customers committed to Linux ε, if de-
mand-side learning differential s is sufficiently large, Microsoft is pushed out of the
market. Equivalently, given Linux’s demand-side learning s > 1, if the portion of cus-
tomers committed to Linux ε is sufficiently large, Microsoft is pushed out of the mar-
ket.

Intuitively, when s is large, Microsoft has to make sure that Linux’s
share (1 – q(t)) remains very small. However, the presence of a portion of po-
tential customers who will never buy Windows jeopardizes Microsoft’s ability
to capture (current cohort) market share. If such ability is sufficiently dam-
aged by these strategic buyers, Windows is eventually pushed out.

Therefore, if s is large and aL(–s–-d ) >> aW( 1–d) (see Jaffe, 2001), strategic
commitment to Linux induces efficient push out of Windows by Linux.
However, if s is small (say, s < 1) and aL(–s–-d ) << aW( 1–d) so that without strategic
commitment, Linux would be efficiently pushed out by Microsoft, with
strategic commitment, Linux may prevail. Note that in this scenario, strate-
gic commitment to Linux actually decreases total welfare.

To empirically validate the proposition, we gathered public informa-
tion on 22 countries and uncovered 10 in which governmental organiza-
tions appeared to explicitly promote the use of OSS. (We present the data
in the Appendix.) An analysis of the data suggests that such public prefer-
ences do appear to have an effect on market outcomes.

Although the data set is small, regressing the Linux/Windows ratio for
this sub-sample on piracy rates, per capita income, and a dichotomous vari-
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able that takes the value of 1 in the presence of governmental organizations
that promote the use of OSS and 0 otherwise, yields the following results: 

The data show once more that per capita income does not affect Linux
penetration relative to Windows. However, there is a strong positive relation-
ship between Linux penetration and this form of public preference for OSS.
Similarly strong results are obtained when we capture public preference in
terms of reported deployments of OSS within governmental organizations. 

4.3. Forward-looking buyers

Both opponents and proponents of OSS have exhibited some uncertainty
about how much of Linux’s success is really due to the support of corpora-
tions with an interest in breaking the stranglehold that Microsoft has on
them as a supplier, and with correspondingly deep pockets, that are willing
to contribute development time and even some of their own software to
open source as well as developing complementary offerings as opposed to
the intrinsically greater efficiency of the Linux model. Implicit in this way of
framing the question is the notion that strategic buyers are bad news for the
profit-maximizing leader in its interactions with its zero-priced competitor.
In this subsection we model strategic buyers by allowing them to be forward-
looking as opposed to myopic in choosing between the duopolists’ offer-
ings. The analysis indicates that such strategic buyers aren’t necessarily
harmful to Microsoft, so the usual presumption that they always are must be
resisted.

Recall that buyers in the baseline model are assumed to be myopic.
In any given cohort, each individual buyer makes a comparison based on
current characteristics between Linux and Windows when deciding which
operating system to purchase/use: if the value (net of price) of operating
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Coefficients Standard error t Stat P-value

Intercept 0.083395978 0.137145757 0.608082814 0.55072889

Piracy rate –0.13985573 0.053460214 –2.61607126 0.017497549

In(GDP per head) 0.004502488 0.012212869 0.368667499 0.716676008

Gov’t organizations

that promote use

of open source 0.031236786 0.012339577 2.531430905 0.020984609

TABLE 4.2: Regression output. Dependent variable: Linux/Windows ratio



system i is greater than that of operating system j (regardless of how that value
may evolve in the future) then operating system i is chosen. We now relax
this assumption and allow buyers to take into consideration the future value
of each alternative when making their purchase/use decisions. 

We first derive Windows’ demand function when buyers are forward
looking (they foresee that they will use the OS for a long time) but believe
that they are so insignificant that their individual purchasing decisions will
not affect the long rung steady state. Let φbe the (common) discount rate
used by buyers to evaluate future utility. Suppose that present time is t, that
the state variable has value y(t) and that price is p(t). 

Customer q derives net present value of utility ∫
∞

t
e–φ(t – t)aW(y(t)) (1 – q)dt –

– p(t) if she buys Windows at time t and uses it from that moment on
wards. If she downloads and uses Linux for free, her utility is ∫

∞

t
e–φ(t – 1)aL(y(t))

(1 – q)dt. If we assume that everybody in cohort t has the same expectations
regarding the future value of Windows and Linux (aW(y(t)) and aL(y(t)) for
t ≥ t), the demand function for Windows at time t is

Comparing (4.1) and the demand function in the benchmark model

we see that whether the thresholdq with forward looking

buyers is larger or smaller than that with myopic buyers depends on the
buyers’ view on which OS will be more valuable in the future. In particular,
when b(y(t)) (≡ aW(y(t)) – aL(y(t))) is large and positive and buyers’ discount
rate is not too low, the presence of forward looking buyers plays to the ad-
vantage of Microsoft because for a given p, demand for Windows q is now
larger (compared to the case when buyers are myopic). However, if buyers
expect b(y(t)) to eventually turn negative and their discount rates are low,
Microsoft will be forced to price lower than in the case where buyers are my-
opic.

Microsoft can once again ensure a 100% market share of every new
cohort by pricing sufficiently low, as long as ∫∞t = t e–φ(t – t)b(y(t))dt > 0. In partic-
ular, Microsoft can guarantee that Linux gets zero market share by setting
p(t) = 0. Therefore, the result that Microsoft is not forced out by Linux (re-
gardless of the intrinsic advantages of Linux) remains intact when buyers
are forward looking but believe that they are so insignificant that their pur-
chasing decisions will not affect the long run steady state.

ramon casadesus-masanell and pankaj ghemawat

28

q(t) = 1–   p(t) (4.1)
∫
∞

t = t 
e–φ(t – t)b(y(t))dt

(q = 1 –
p

)
b(y(t))  



Equation (4.1) shows that it may be worth for Microsoft to influence
the value of ∫∞t = t e–φ(t – t)b(y(t))dt by infusing fear, uncertainty, and doubt
into the OS user and developer communities. Such emotions were stirred in
the Linux community by, among other things, SCO, a small Swiss-based
vulture firm that had bought up the intellectual property rights to a particular
version of Unix and was threatening Linux users with lawsuits over infringe-
ment of those rights unless they agreed to pay it substantial licensing fees.
IBM, which was one of the prime corporate sponsors of Linux as well as the
target of a lawsuit by SCO that sought $1 billion in damages, alleged in mid-
2003 that SCO was in cahoots with Microsoft (Dolley, 2003).

In addition, Microsoft uses its web site to assert its superiority over
Linux and warn users that the deployment of Linux can be very costly (see
http://www.microsoft.com/windowsserversystem/facts/default.mspx). To
add credibility to its claims, Microsoft exhibits reports by independent
sources. In a recent interview, Ballmer stated (Kanellos and Shankland,
2003).

Innovation is not something that is easy to do in the kind of distributed envi-
ronment that the open-source/Linux world works in. I would argue that our
customers have seen a lot more innovation from us than they have seen from
that community. Linux itself is a clone of an operating system that is 20-plus
years old. That’s what it is. That is what you can get today, a clone of a 20-years-
old system [...] Customers will never really know who stands behind this
product [Linux]. If the lead developer for this component chooses to do
something else with his life, who will carry on the mantle for that?

In terms of the model, with these statements Ballmer is trying to in-
crease ∫∞t = t e–φ(t – t)b(y(t))dt by shaping users expectations about the future val-
ue of Windows and Linux. Notice, however, that Microsoft’s efforts to instill
fear are to some extent offset by the users and developers’ concern that Mi-
crosoft may decide to raise prices in the future if it succeeds in derailing the
progression of Linux. Assertions of this kind would be vacuous in the con-
text of the baseline model of section 3 with myopic users. 
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5. Conclusions

THIS paper used the case of Linux versus Windows as a point of departure
for specifying a simple model of competition between OSS priced at zero
and for-profit proprietary software in the presence of demand-side learning
effects. The analytical set-up, while not game-theoretic in the usual sense of
interdependent strategy choices, was strategic in the sense of requiring Mi-
crosoft Windows to take a deep look into the future that recognized inter-
temporal linkages in its profit function (e.g., between past or current
choices and future profits) as opposed to acting myopically. As Arrow
(1964) and others have stressed, such intertemporal linkages and the com-
mitment or irreversibility underlying them are the key reason that the opti-
mal intertemporal investment program may not coincide with the instanta-
neous equation of the marginal productivity and the marginal cost of capital
(of whatever sort), i.e., the myopic investment program (see Shapiro, 1989
and Ghemawat, 1991).

Embedding irreversibility in a formal analytical model of this sort
yielded some arguably surprising conclusions. Thus, Microsoft Windows’
persistence exceeded our pre-analytic intuitions because of the effects of Mi-
crosoft’s strategic management of its position relative to Linux. Other ef-
fects/possibilities that were somewhat unexpected — or at least sounded
some cautions about common assertions concerning competition between
OSS and proprietary software — included the positive association between
the enforcement of property rights and the relative viability of OSS, the pos-
sibly welfare-reducing effects of governmental promotion of OSS and the
possibility that forward-looking buyers might tip market outcomes away
from rather than towards OSS.

Our baseline model and the various extensions to it all relied on vari-
ous simplifying assumptions that could be generalized, although we suspect
that in many cases, this would force a shift from analytical to numerical
methods. In addition, our paper flags some topics on which additional em-
pirical work would be particularly welcome. First, a better understanding of
the drivers of adoption could guide modeling efforts by identifying strategic
variables other than price that Microsoft (Linux) has at its disposal to decel-
erate (accelerate) the progress of OSS. Second, some (more) of the ongo-
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ing work on the organization of OSS development could explicitly focus on
studying effort coordination in ways designed to shed light on issues such as
code forking that stand out as critical to the competitive dynamics between
OSS and proprietary software. Third, better estimates of the differential in
demand-side learning between OSS and proprietary software could guide
the development of more educated guesses about their long-run viability,
improve managerial decision making, and direct the design of public poli-
cies.

Most broadly, this paper intended to advance the analysis of hetero-
geneity in competitors’ objective functions — a structure that we refer to as
mixed duopoly or, more generally, mixed oligopoly. It focused on what is ar-
guably the most obvious modification to the standard assumption of sym-
metric profit maximization by analyzing interactions between a not-for-prof-
it player that prices its product at zero (or at marginal cost) and a for-profit
player. This stylization evokes not only interactions between OSS develop-
ment efforts (of which Linux is one of many) and their for-profit competi-
tors (of which Microsoft is one of many) but aspects of a number of other
types of interactions as well. These include interactions between a profit-
maximizer and a competitor pursuing volume or market share by pricing at
marginal cost, between profit-maximizers and much more patient competi-
tors, between private and state-owned/supported enterprises (e.g., Boeing
versus Airbus, in the official U.S. view), between for-profit firms and nonprofits
or even the social sector, broadly defined (e.g., between pharmaceutical
firms and universities in the life sciences — although those relationships in-
volve complementarities and side-payments as well as somewhat fragmented
competition). While there has been some work on the (comparative) orga-
nizational correlates of objectives other than profit-maximization, interac-
tions between conventional profit-maximizing firms and organizations with
other objectives remain largely uncharted.
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Appendix: Data

Our efforts at gathering data on governmental policies toward Linux
involved an otherwise open-ended search over the period from early 2000
to early 2003. A research assistant with work experience in the software in-
dustry, Christina Pham, consulted several hundred articles, market studies,
official reports et cetera and prepared a 63-page summary which she then
used to code policies in each country. While it is not feasible to include a
compact characterization of the materials consulted, the following table
summarizes the coding that resulted, in a way that should provide a basis for
reexamination and, if necessary, reanalysis.
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TABLE A.1: Coding by research

Country Gov’t organizations that promote use Deployed open source in gov’t systems

of open source

Austria 1 0

Belgium 1 0

China 0 0

Denmark 0 0

Finland 0 0

France 1 0

Germany 1 1

Greece 1 0

India 0 0

Ireland 1 0

Italy 1 0

Netherlands 1 0

Norway 0 0

Philippines 0 0

Portugal 1 0

Singapore 0 0

South Africa 0 0

Spain 0 1

Sweden 0 0

Taiwan 0 0

United Kingdom 1 1

United States 0 1
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