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B Abstract

This working paper combines the Parameterizing Ex-
pectations Approach developed by Marcet (1988)
and Den Haan and Marcet (1990), and the approach
proposed by Krusell and Smith (1998), to approximate
the equilibrium of incomplete markets economies
with aggregate uncertainty. The algorithm is tested by
solving a version of the economy in Krusell and
Smith where shocks take values on a continuum. The
results show that the combined algorithm is fast and
accurate.
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Il Resumen

Este documento de trabajo combina el método de las
expectativas parametrizadas desarrollado por Marcet
(1988) y Den Haan y Marcet (1990), y el enfoque
propuesto por Krusell y Smith (1998), para aproxi-
mar el equilibrio de las economias con mercados in-
completos e incertidumbre agregada. Se comprueba
el algoritmo solucionando una versién de la econo-
mia en Krusell y Smith donde los shocks toman valo-
res continuos. Los resultados demuestran que el al-
goritmo compuesto es rapido y exacto.
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1. Introduction

This working paper is motivated by the interest in understanding and
quantifying time-series properties of equilibrium dynamics of economies in
which the representative-agent abstraction does not hold. A typical example
would be an economy in which production is subject to aggregate shocks to
technology, and where a continuum of utility-maximizing consumer/work-
ers, which are subject to idiosyncratic shocks of unemployment, do not have
access to perfect insurance markets '. In these economies agents become
heterogeneous as a result of the market incompleteness, and therefore,
both the distribution of wealth and its law of motion are determined endog-
enously. Since generally equilibrium-prices depend on the distribution of
wealth, the implication is that agents need to know the law of motion of that
distribution to form expectations about the future 2. Therefore approximat-
ing the equilibrium dynamics of an incomplete markets economy using nu-
merical techniques is difficult because the distribution of wealth is an infi-
nite dimensional object that changes over time, and it requires a manageable
way to describe these changes.

The methods used to solve the class of incomplete markets economies
with aggregate uncertainty, such as versions of the Parameterizing Expecta-
tions Approach (PEA) developed by Marcet (1988) and Den Haan and
Marcet (1990), and the approach followed by Krusell and Smith (KS) (1998),
are either costly in computing time, or assume a very specific structure for
the stochastic shocks (for instance, limiting to a small number the possible
states of nature), or both. Nevertheless, we show in this paper that an appro-
priate combination of these numerical procedures is able to get rid of the
above limitations all at once.

In brief, our algorithm consists of dividing the computations into n-
ner and outer iterations as follows: the inner iterations follow KS and take as

1. A complete list of papers studying the effects of incomplete markets would be too long to be
included here. Some well known examples are Aiyagari (1994), Huggett (1993), Huggett (1997)
and Krusell and Smith (1998), among others.

2. This is the key difference with respect to economies where a representative-agent holds (and
thus the distribution of wealth is trivial, and its law of motion is simply the optimal policy of the
representative-agent).
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given the laws of motion of several moments of the distribution of wealth,
but find an accurate approximation to the conditional expectations charac-
terizing the choices of an agent’s problem in several regions of the state space
using PEA. The outer iterations, then, perform simulations of a large
number of agents over time and update the laws of motion of the selected
moments. The combination of PEA a la KS results in a fast and accurate al-
gorithm which is not subject to the typical limitations of discretizing meth-
ods (such as the course of dimensionality), and it can be easily implement-
ed to approximate a rich class of stochastic, nonlinear, incomplete markets
economies.

The outline of the working paper is as follows. Section 2 presents a
benchmark economy with incomplete markets similar to that in KS, but in
which both the aggregate shock to technology and the idiosyncratic shocks
take values on a continuum. Section 3 briefly reviews PEA and the approach
in KS, and describes in detail the combination of the two procedures (PEA-
KS). Section 4 reports results both about accuracy and equilibrium dynam-
ics. Section 5 extends the previous results and introduces an endogenous
labor supply decision. Finally, section 6 concludes. The appendices of the
working paper contain a detailed description of practical issues regarding
the implementation of PEA-KS, parameter values, and several additional re-
sults about accuracy.



2. Economy

The model economy is a version of the model in Krusell and Smith (KS) .
Markets are competitive and there is a representative firm which carries

out the production of the consumption/investment good in the economy.
Output per capita in each period is given by y, = z, f (k,_1, &), where fis a
constant returns to scale technology satisfying the usual assumptions about
concavity and differentiability, and where k,_; and A, represent respectively
the amounts of capital and labor in operation in period ¢ (both in per capi-
ta terms). z, = exp(%,) represents the realization of a stochastic shock to tech-
nology which follows a stationary first order Markov process:

Z=0%_1+¢,0=p <1, (2.1)

where the innovation ¢, is a continuous random variable with cdf A. Using
the consumption good as the numeraire, competitive prices for capital and
labor satisfy r,= z/f; (k,_1, h)and w,= z f; (k,_1, h,), respectively.

There is a continuum of agents with names 7in the unit interval. These
agents choose consumption and saving in every period to maximize the
expected present value over an infinite horizon of their utility from con-
sumption: E [X,_, B'u (c}) | Qj], where Qj for t=0, 1,... represents the set of
available information to agent 7 in every time . Preferences u (-) are differen-
tiable, strictly increasing and concave, and satisfy the usual Inada condi-
tions. These preferences together with the discount factor 8 € (0,1), are
the same for all 7. Agents are endowed with some units of capital k;_; at =0,
and in each period they receive an idiosyncratic endowment of labor pro-
ductivity s’ € {0,1} which is inelastically supplied as labor. Labor productivity
endowments follow a first order Markov chain described by a transition ma-
trix I, as it is explained below. Capital is the only asset in the economy; thus
the budget constraint of agent i in period ¢reads ¢j+ ki< w, s; + (,+1-0) K _,,
where & € (0,1), is the depreciation rate. Consumption is required to be

3. To fix notation, a subindex ¢indicates when a variable is known. A superscript 7 on a variable
indicates individual values, and distinguishes them from aggregate values (in per capita terms).
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nonnegative, and we also assume that there is a borrowing limit B> —
such that k= Bfor all ¢and ¢

We interpret a realization z,> 1 in period ¢ as the economy being in
good times, and z < 1 as the economy being in bad times. We assume that
Pr{s'=sls= s, z'> 1} V 51, 5, € {0,1} is given by a matrix [1% and if the econ-
omy remains in the good times state forever, ¢¢ would be the average en-
dowment of labor implied by I1¢ Similarly, in bad times Pr{s’= sls= 5, z'< 1}
V s1, 80 € {0,1} is given by a matrix I1’, and in this case, ¢’ < p¢would be the
long-run average endowment of labor. Since the economy fluctuates be-
tween good and bad times, the actual probabilities of transition in the next
period are given by:

II,=1I1"-G (z,, =< 1lz)+11¢- (1 = G (z,,, = 1lz)), (2.2)

where G (+) is the conditional cdf for zimplied by the process in (2.1). No-
tice that as I, changes over time, also the aggregate endowment of labor
smoothly fluctuates over time. In particular, the aggregate endowment of la-
bor in each period is denoted ¢, and it satisfies:

?, =701, 0-1 Gro1 +TT10, -1 (I=¢,_1). (2.3)

In the previous economy, markets are incomplete because trading
contracts contingent on the realization of shocks is exogenously precluded.
This is a natural assumption given the presence of both idiosyncratic risks
and a large number of agents. The implication is that at any point in time
agents are heterogeneous in their idiosyncratic endowments and stocks of
capital, and, therefore, in their consumption/saving decisions. This hetero-
geneity is described by A, (A), a probability measure defined on an appro-
priate family of subsets of [B, + %) x {0,1} indicating the mass of agents in
period twith x= (ki _,, s) € A. Associated to the distribution A, there is a
transition function Pt (x, A; z, ¢,) such that:

Ay (A) =sz (x, A; 2, @) dA,. (2.4)

The transition function P, (x, A; z, ¢,) gives the probability that an
agent in idiosyncratic state x = (k_, 5; ) in period t lies in a set A in period
t+ 1 given that the current aggregate state is (z, ¢, \,).

The information available to a given agent ¢in a period ¢, Q;, consists
of k._\, s, i, z, ¢, w,, 7., \,and the transition functions for A, z, and s for
v=0,1, 2., t. Thatis, agents know their own state and the aggregate state
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of the economy, but they do not know others’ agents capital stock nor their
realization of idiosyncratic shocks.

Assuming that a stationary competitive equilibrium (SCE) exists, it
can be defined as follows:

An SCE for the economy consists of stochastic processes
{c}, K}, {w, 7}, and a sequence of functions A, and P, such that for all
1) budget constraints, non-negativity constraints for consumption, and the
following first order conditions of the utility maximization problem are satis-
fied for all i:

W () =BE[(r.y +1-8) u' (¢, ) Q] if k> B,
w' ()zBE[(r,,, +1=0) u' (¢ ,) 1 Qi] otherwise; (2.5)
2) markets for capital and labor clear; 3) prices are competitive; 4) the tran-
sition P, is consistent with optimal decisions of agents; and 5) P, = P.

In the previous definition, 2) requires that 4, = ¢, and that k, _, equals
the integration of & _, with respect to A,; 3) requires that r,and w, are given
by the corresponding marginal productivities of k,_; and %,; and 4) requires
equation (2.4) be satisfied for all sets A. The assumptions on preferences
imply that budget constraints are satisfied with equality. Thus, the integra-
tion of the agent’s budgets constraints with respect to A\, together with (2.2)
and (2.3) imply that feasibility is satisfied in each period.



3. Approximating
the Stationary
Competitive
Equilibrium (SCE)

GIVEN a set of parameter values characterizing stochastic shocks, technol-
ogies, preferences and constraints, the objective is to provide a numerical
method able to find an accurate approximation to the SCE of the economy
just described. It is well known that finding such an approximation is diffi-
cult for two reasons: first, the equations in (2.5) represent a set of nonlinear,
stochastic difference equations which, in general, cannot be solved for using
analytical methods; second, to be able to evaluate the conditional expecta-
tions in (2.5), we need to know the transition function P However, this tran-
sition function depends on the optimal decisions of the agents, which is
what we are looking for.

The procedure we describe below combines ideas from Parameteriz-
ing Expectations Approach (PEA) and from the approach in Krusell and
Smith (KS). For convenience, we briefly outline the main features of these
algorithms.

3.1. The approach in KS

The procedure in KS is based on dynamic programming and on searching
on a grid of state variables. The difficulty from the perspective of computa-
tion is that the distribution A, an infinite-dimensional object, should be in-
cluded among the state variables. The main insight in KS can be summa-
rized as only the mean matters: rational agents knowing only a few moments of
the distribution A, would make very small mistakes when trying to predict
the mean of A, |, which is what they need to forecast prices in the future
and to take optimal consumption/saving decisions today. That is, the ap-
proach in KS consists of reducing the dimension of the state space by consider-
ing only a subset of the moments that characterize the distribution of
wealth. KS, then, postulate log-linear rules to approximate the laws of motion
for the selected moments of the distribution A, (they use only the mean)

10
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and find optimal policies for an agent’s decision problem by performing it-
erations on the corresponding value function (i.e., searching on a managea-
ble grid of state variables). The last step of this procedure consists of simu-
lating the optimal policies for a large number of agents over time, compute
the actual mean of the distribution in each period, and update the coeffi-
cients of the prediction rules by running OLS regressions. This process con-
tinues until decision rules and prediction rules are mutually consistent. KS
report that this strategy produces very accurate prediction rules *. The inter-
pretation of these results is that the differences between the decisions of
fully rational agents (that would use all moments of the distribution A,) and
boundedly rational agents (that use only the first moment) are negligible.

In principle, grid methods, such as iterations on the value function or
on its derivative, can produce an arbitrarily accurate solution by refining the
grid. However, these methods become very expensive in computing time,
and they easily exhaust the computer’s capacity when the grid is very fine
and/or when the dimension of the state space is large, like in this case. For
this reason, KS restrict z and ¢ to take on two values only and relay on var-
ious interpolation schemes to reduce the number points in the grid.

3.2. PEA

This procedure follows a time series approach and exploits the fact that the
conditional expectation is that function of the data in Q] that minimizes the
prediction error. Thus the procedure consists of finding the best approxi-
mation to the conditional expectation in the right hand side of the equa-
tions in (2.5), as follows. Postulate a function of a subset of variables in €2;
characterized with a vector of initial coefficients 6}, and use it to replace the
conditional expectations of the equations in (2.5). A typical choice for this
function would be the exponential of a polynomial, which is always positive
as is u’ (¢). With this information and values for &', si, k_,, @, and z,, com-
pute current equilibrium prices and obtain the consumption of a large
number of agents in the first period, which together with prices and budget
constraints, deliver (after aggregation) next period stock of capital. This
stock of capital and next period realization of shocks determine equilibrium
prices in that period. Repeat this process for a long time series. Use the sim-

4. For instance, the R? of the OLS regressions is about 0.999998, and the standard deviation of
the regressions errors are about 0.003%. KS also report high accuracy by including the second
moment of A, in an extended version of the model with endogenous labor supply decisions.

11
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ulated series to update the coefficients by running NLLS regressions of

the observed marginal utilities in ¢+ 1 on the postulated function using as
regressors the variables selected from Q;. The process continues until the
rate of change of the coefficients 6is sufficiently small °.

Notice that with PEA there is no need to relay on approximations of
the law of motion for the mean (or other moments) of A;: the stock of cap-
ital in the following period can be computed just by adding up the stocks of
capital at the end of the current period of the agents in the economy. An-
other advantage of this procedure is that the course of dimensionality does
not represent a limitation °. Finally, it is also known that approximations
found with PEA for representative-agent economies are very accurate (see,
for instance, the examples in Den Haan and Marcet, 1994). However, the pro-
cedure suffers from two serious problems when applied to incomplete mar-
kets economies. First, to obtain high accuracy and mimic the behavior of a
continuum of agents, one needs to simulate a large number of agents and
over a long time series. This is extremely costly in terms of computing time.
Second, in the data generated in the simulations, there are lots of observa-
tions in the region of k' where the agents’ stocks of capital are close to the
average capital in the economy (i.e., where most agents spent most time pe-
riods). The implication of this fact is that since for most agents their capital
stock is highly correlated with the average capital in the economy, then the
X'X matrix that one needs to invert in the regression step is close to singu-
lar. This makes the algorithm unstable.

3.3. PEA-KS

An algorithm, which combines the advantages of the previous approaches,
consists of implementing the KS strategy of reducing the dimension of the
state space and iterating at an inner level (given prediction rules for some
moments of A, find the implied optimal decision rules) and at an outer lev-
el (given decision rules, find the implied prediction rules), while using

PEA. Since the marginal utility of consumption is dramatically different for
low and high levels of capital, it is difficult to approximate its conditional ex-

5. For examples of such an application, see Den Haan (1996) and Obiols-Homs (2003).

6. The reason is that an additional state variable just represents an additional dimension in the
X'X matrix that is inverted in the regression step. Therefore, in principle, we can directly com-
pute many moments (or percentiles) of A¢in each time period and use them as regressors to ap-
proximate the right hand side of the equations in (2.5).

12
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pectation using a single function over the entire domain of £. Instead, it is
more accurate to use several functions to approximate the conditional ex-
pectations in several regions of the (¥, s') directions of the state space. This
is done by performing many shortrun simulations taking as given the aggre-
gate states of the economy ’. A precise outline of the algorithm is as follows:

— Step 1: Create a long time series realization for stochastic shocks,
and postulate laws of motion for a few moments of the distribution
A, (say, polynomials with a vector of initial coefficients 7,) as func-
tions of the aggregate state. Given this information and an initial
condition for k_;, compute a sequence of equilibrium prices for
capital and labor over time. Divide the direction corresponding to
k' of the state space into m intervals, and postulate m functions of
the elements in €/ (for instance polynomials, as before) character-
ized with a vector of initial coefficients 6" . These functions will be
used to replace the conditional expectations of the equations in
(2.5) in step 2.

— Step 2: Obtain N short-run simulations for a single agent, using
many initial conditions for its & in each of the m intervals. The
prices for capital and labor used in these simulations are the ones
generated in step 1.

— Step 3: Update the coefficients 6" by running NLLS regressions of
the observed marginal utilities on the postulated functions while
using as regressors the variables selected from Q..

— Step 4: Repeat j-times steps 2 and 3 until the rate of change be-
tween 67” and 9}-"_1 meets the accuracy requirement for each m.
(At this stage, we obtain accurate approximations to the condi-
tional expectations in equation [2.5] for the given prediction
rules.)

— Step 5: Create a long-run realization for stochastic shocks, fix ini-
tial conditions for a large number of agent’s capitals, and obtain a
long-run realization of the equilibrium paths for the selected mo-
ments of the distribution A, In this step, agents approximate ex-
pected marginal utility according to the coefficients obtained in
step 4.

— Step 6: Run an OLS regression of the moments of A, + 1 on the
observed aggregate states in period {, and update y. (At this stage,

7. A similar type of shortrun simulations was used to compute transitional dynamics in Marcet
and Marimon (1992).

13
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we obtain accurate prediction rules for the given parameterization
of conditional expectations.)

— Step 7: Repeat j'-times steps 2 to 6 until the rate of change be-
tween y; and 7, _; meets the accuracy requirement.

Notice that in step 2, the realization of shocks is always the same one,
which, for the given laws of motion for the moments of A, always deliver
the same equilibrium prices. Likewise, step 5 always uses the same realiza-
tion of shocks to determine actual equilibrium dynamics. Finally, also notice
that the algorithm approximates different conditional expectations for s; =1
and for s; = 0. This is convenient because it allows identical agents, differing
only in their idiosyncratic shock of labor productivity, to choose different
consumption levels ®.

The potential advantages of the algorithm outlined above are that
1) the inner iterations are cheap because we simulate the decisions of a sin-
gle agent as in KS, but using PEA; 2) the outer iterations are cheap because
the long-run simulations do not need to be extremely long; and 3) the course
of dimensionality does not represent a binding constraint, and there is no
need to restrict the set of states of nature.

8. It may seem that assuming, for instance, s; € [0,1] would create a problem. This is not so sin-
ce, in that case, the realization of s; could be included among the regressors.

14



4. Results

WE first describe the calibration and the accuracy of the numerical solu-
tion. Then we discuss two applications and relate the results to the liter-
ature.

4.1. Calibration

We choose u(c)=log(c), ftk, h) = k¥ h*~? with 8= 0.36, 4 = 0.025, 8 = 0.99,
B=1,1~N(0,0.00712), o = 0.95, and ¢¢ = 94%, ¢’ = 90%, with the transi-
tion matrices as in table 4.1. These transition matrices imply an average du-
ration of unemployment of 13 weeks in good times and 17 weeks in bad
times. The previous choices are in line with those in the related literature sim-
ulating quarterly data for the U.S. economy (see, for instance, Hansen
[1985], Imrohoroglu [1989] and Krusell and Smith [KS] [1998]).

TABLE 4.1: Transition matrices

[0.9411 0,0589] , [0.9216 0.0784]
8= =

0.9231  0.0769 0.7059  0.2941

4.2. Accuracy

To solve for the stationary competitive equilibrium (SCE), in the inner
iterations we fix m = 5, and we approximate the right hand side of the
equations in (2.5) with functions of the form:

RHS® (Q)) = exp

J
;197 log (w;;j)], s=0,1,

where o] ; corresponds to the fcomponent of the vector /= [1, k_y, z, ¢,,
k1, 7, k,i_.lzb 2, k,_1%], and where 6; corresponds to.the coefficient asso-
ciated to ; ;. That is, in each of the mregions of the ¥ direction, we use a

different function depending on whether the agent is in the productive or

15
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unproductive idiosyncratic state. Following KS, in the outer iterations we ap-
proximate only the law of motion for the mean of the stock of capital, as fol-
lows *:

log(k,) =" +7slog(k,_,) +7y5log(z)+v,10g(9,). (4.1)

The R? corresponding to the OLS regressions performed to update
the coefficients in equation (4.1) is 0.999991. The standard deviation of the
regression error is 0.013%. That is, the goodness of fit of the regression is
very close to the one reported by KS, even though the realizations of both z
and ¢, take values on a continuum.

To check for the overall accuracy of the solution, we use the test devel-
oped by Den Haan and Marcet (1994). This test checks whether the resid-
ual from the Euler equation (2.5) that holds with equality is statistically
different from zero along certain directions. More precisely, we define the
following objects:

E.vliJrl = u/ (CZ)_AB (THI + 1 _8) u/ (Cli+1), h (w}): [1a kl—l’ kta kl—l’ Zy ¢l’ kll’ T[[Z]’
B,=T "D EL b @),and A, = T~ X3 EL )2 by @) By (@),

and, we test whether the statistic 7B, A 'B, is approximately distributed as
an X? with j (the dimension of % (w;)) degrees of freedom, as it should under
the null hypothesis that the solution is exact and 7'— % (see proposition 1
in Den Haan and Marcet, 1994) °. In practice, performing the test
amounts to obtain a large number of observations of the statistic 7B, A;'B,
and to check if the values belong too often to the lower and upper critical
regions of the corresponding X? distribution. If so, this is evidence against
the accuracy of the solution.

In the tests we report next, we use %/ (w;), with j < 8 indicating the first
jdirections of the vector % (w;). For instance, by considering j= 2 and
j =3, we test whether the solution is accurate along the directions of aggre-
gate capital. Table 4.2 reports the percentage of draws in the lower and up-
per 5% tails (denoted respectively 1/u-5%) corresponding to 500 realiza-

9. See the appendices for further details about the implementation of Parameterizing Expecta-
tions Aproach (PEA)-KS and parameter values for 6°and 7.

10. That is, the test checks whether the prediction error is orthogonal to the elements in the in-
formation set in period .

16
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tions of the statistic, with 3,000 observations in each one (the realizations of
the stochastic shocks are different from the ones used in the short/long-run
simulations) .

TABLE 4.2: Accuracy with PEA-KS (T = 3,000)

J 6 7 8 9

Wi 1-5% w5% 1-5% w5% 1-5% w5% 1-5% w5%
2 7 3 6.6 3 7.2 3 7 2.8
3 5.4 5 6.2 5 6.4 5.4 5.6 4.6
4 5.6 5 5.6 44 5.8 3.8 6.2 4.6
5 6.4 4.2 8.2 4 7.4 3.8 7.2 3.8
6 4.2 7.2 4.4 7 44 8 4 8

7 5.6 7 4.4 8 4.2 8.2 4.2 8.8
8 5.6 6 4 8.2 44 9 44 8

Note: Columns J indicate the number of regressors used in the inner iterations according to the vector 2. Rows indicate the di-

rections of the joint test according to the elements in A/ (w;).

The rough message from table 4.2 is that the relative frequencies are
close to the theoretical 5%. In particular, the accuracy of the solution using
a first order polynomial (/=6) is remarkable along the joint directions of
(k,_1, k). This happens in spite of the bounded rationality of agents when pre-
dicting aggregate capital (remember that they use only the first moment of
the distribution A,, and that &, is in £} but that it is not used as a regressor in
period ?). For ] =6, the overall accuracy of the joint test using 4* (]) appears
to be also very high. If anything, it seems that adding state variables (regres-
sors) tends to produce slightly less accurate approximations '2.

In addition to the examples reported above, we have tried to solve the
SCE using many other combinations of the state variables and higher order
polynomials by including square terms. The problem with this strategy is
that the matrix X'X becomes singular, because several regressors—like those

11. We performed simulations of 5,000 periods and discarded the first 1,500 observations to re-
duce the effect of initial conditions. The test was, therefore, time-consuming due to the large
number of realizations of the statistic (but it would not be appropriate to conduct the test along
the directions of &, z, ¢,, or any other aggregate variable, using the residuals of many agents but
only a few realizations for the previous aggregate states). Also, in the simulations the borrowing
constraint binds some times for agents with s = 0 and low capital levels; therefore, in the tests we
use only the residuals corresponding to an agent with s = 1.

12. See the appendices for additional results about accuracy.
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involving cross-products between z, ¢ and w—are highly correlated *. These
results suggest that using several first order polynomials to approximate the
expected marginal utility on different regions along the &’ direction of the
state space provides an accurate approximation to the SCE.

4.3. Applications

4.3.1. Equilibrium dynamics

We compute the averages and standard deviations over time of equilib-
rium variables in per capita terms, and we briefly look at the differences
between the incomplete markets economy and its complete markets counter-
part (the representative-agent economy). The results reported in tables
4.3a and 4.3b correspond to the statistics from a realization of equilibrium
dynamics over 10,000 periods for each economy (we simulated 11,500 pe-
riods and discarded the first 1,500 observations), using in both cases the
same sequences of stochastic shocks .

TABLE 4.3a: Aggregate time-series

(averages)
Incomplete markets Complete markets
y 3.4421 3.4413
2.5571 2.5572
mno. 0.8846 0.8841
k 35.3857 35.3657
R 1.01003 1.01004
sr 0.2566 0.2565

Note: Averages over time of aggregate variables in per capita terms (output, consumption, investment, capital, return factor de-

fined as 7, + 1 -8, and saving rate).

It is clear from table 4.3a that output, investment, capital, and the sav-
ing rate are slightly larger under incomplete markets because of the pre-
cautionary saving role of capital. Perhaps the most interesting result in the

13. In those experiments, we remove 7} from the regressors, but then in the accuracy test, we
find that the statistic is not too often in the lower 5% tail, and too many times in the upper 5%
tail. For instance, the joint test with /% (] ) delivers about 1% in the lower 5% tail, and more
than 28% in the upper 5% tail.

14. The complete markets version of the economy is solved using PEA with a second order poly-
nomial.
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table is that the average stock of capital and the saving rate under incom-
plete markets are only 0.056 and 0.04% (respectively) larger than under
complete markets. It is also interesting to see that the return factor is on
average essentially the same across market arrangements (in spite of the larger
amount of capital under incomplete markets). Table 4.3b shows that fluc-
tuations under incomplete markets are slightly smaller than under com-
plete markets (the only exception is consumption, but it fluctuates more
precisely because of the lack of insurance markets) '.

TABLE 4.3b: Aggregate time-series
(standard deviations)

Incomplete markets Complete markets
y 0.1553 0.1575
0.0932 0.0931
inv. 0.0749 0.0777
k 1.6016 1.6836
R 0.0009 0.0009

Note: Standard deviations of aggregate variables in per capita terms (same variables as in table 4.2).

The results in tables 4.3a and 4.3b are in line with previous findings in
the related literature. They suggest that the effects of heterogeneity created
by the lack of insurance markets washes-out in the aggregate.

4.3.2. Adding divisible labor

In the previous model agents do not value leisure, and, therefore, they
supply their endowment of time whenever s; = 1. In this section we extend
the previous model by assuming that agents do value leisure: u(c, !) = log
¢+ Alog L In the first example, we assume that labor is perfectly divisible,
hence /€ [0,1], and agents in state s/= 1 are allowed to choose the amount
of time supplied to the market in exchange of the wage rate. Following KS,
we solve the equilibrium by approximating the law of motion of average cap-
ital and hours worked with log-linear functions. The accuracy of these ap-
proximations is R*(k) = 0.999997 and o (k) = 0.007% for the case of capital,
and R?(h)=0.99991 and o (%) = 0.03% for hours worked. The following table
presents summary statistics of aggregate dynamics under complete and in-
complete markets.

15. Diaz-Giménez (1997) and Obiols-Homs (2003) explore related economies and show that
endogenous labor supply decisions give rise to larger fluctuations under incomplete markets.
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Again, the results in tables 4.4a and 4.3b are similar to those in
Obiols-Homs (2003).

4.3.3. Indivisible labor

We now study an incomplete markets economy with indivisible labor
economy in the vein of Hansen (1985) and Rogerson (1988). In this version
of the model, we assume that workers and firms exchange a lottery such
that a worker i commits to work %, with probability 8] in period ¢t when the
market wage rate is w, Since it is assumed that these contracts are signed
once the labor productivity endowment has been realized, an agent i gets
paid w, s} 0 hy, where hy € (0,1) is a prespecified amount of hours of work
(and the realization of a lottery finally determines whether the agent must
actually go to work or not). Notice that because the contract between the
firm and a worker involves a lottery, it is as if the firm completely insures the
worker against labor income uncertainty but only once its labor productivity
endowment is known. In particular, it is not possible to write contracts con-
tingent on the realization of s;, hence workers are still subject to labor pro-
ductivity uncertainty. Given our assumed market structure, the only way
workers can smooth out consumption fluctuations is by actively saving and
dissaving in the market for capital (as before, the borrowing limit precludes

TABLE 4.4a: Aggregate time-series

(averages)
Incomplete markets Complete markets
y 1.0976 1.0341
k 11.3382 10.6071
h 0.2936 0.2777
c 0.8145 0.7689

Note: Averages over time of aggregate variables in per capita terms (output, capital, hours worked and consumption).

TABLE 4.4b: Aggregate time-series
(standard deviations)

Incomplete markets Complete markets
y 0.0511 0.0592
k 0.511 0.6207
h 0.0056 0.0091
c 0.0805 0.033

Note: Standard deviations of aggregate variables in per capita terms (same variables as in table 4.3a).
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having access to complete insurance by issuing an arbitrarily large amount
of debt).

We use d = 0.025 and 8 = 0.99 as before. The technology in the pro-
duction side of the economy is a Cobb-Douglas with a capital output share
0=0.3224 (see Prescott, 2004). The utility function is u(c) + v(l) = log
(¢)+ Alog (I) as in Hansen (1985). The parameters A and £, are selected to
match important observations of the labor market. In particular, we fix
hy = 0.4 reflecting that there are 40 hours of work in a normal workweek,
and that there are 13 weeks in a quarter. The value of A is selected to obtain
that in equilibrium £, = 0.25, which is approximately the hours of work ob-
served in the U.S. economy in terms of per-working-age person (Prescott,
2002). The endowment of labor productivity is given by £ = {0,1}, 7ry;; = 0.9305,
and ), = 0.8. This specification for the idiosyncratic endowments is similar
to the one in Krusell and Smith (1998) and many other papers in the
incomplete markets literature. Finally, the persistence of the aggregate
shock to technology is o = 0.99, and ¢ is distributed according to a N(0,0.00712)
(Hansen, 1985).

We investigate first the effect of a reduction in the number of hours
of work over a week, similar to the labor market reforms undertaken in
France during the nineties. In table 4.5 we report the results of such an
experiment for a version of the economy in which there is no aggregate un-
certainty (there are no aggregate shocks to technology). The table shows
that a reduction in /4, leads to an increase in the stock of capital, hours of
work, output (all measured in per capita terms), and W (average welfare
forms the equilibrium distribution of agents over states at the steady state),
irrespectively of the borrowing limit. The explanation for these changes is
that with a smaller number of hours of work, agents choose to work more
often (i.e., there is more people working), and also increase their savings
for precautionary reasons. Hence, average stock of capital and labor in-
crease, and so does average output. Notice also that the saving rate
essentially does not change with a smaller /), and yet, the capital/labor ratio
also increases. This means that the wage rate increases, and it explains the
increase in welfare.

We finally restore the aggregate shocks to technology and investigate
the cyclical properties of equilibrium time series. This exercise is interesting
for at least two reasons. First, the indivisible labor model with complete mar-
kets is well known for predicting large fluctuations in hours of work, and it
would be interesting to know to what extent this property of the model is
sensitive to the market arrangement. Second, and related to the previous
point, there is an ongoing debate in the profession about the elasticity of la-
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TABLE 4.5: Equilibrium allocations

B=0.5 =1
K 2.3779 2.3714
H 0.2499 0.2500
hy=0.4 Y 0.2583 0.2581
sr 0.2301 0.2296
w -2.4942 -2.4956
B=0.5 B=1
K 2.4721 2.4701
H 0.2592 0.2592
g =0.35 Y 0.2681 0.2681
sr 0.2301 0.303
w -2.4571 -2.4572

bor supply and aggregation theory (see, for instance, Browning, Hansen
and Heckman [1999], Prescott [2004] and Ljungqvist and Sargent [2007]).
Under the assumption of complete markets, it is possible to perfectly aggre-
gate the behavior of individual households and obtain the so called representa-
tive consumer. This artificial agent can be shown to have an arbitrarily large
labor supply elasticity even though, consistently with micro observations,
individual households have a small labor supply elasticity (Hansen, 1984).

The fact that markets are incomplete in our model precludes perfect
aggregation, so it is not possible to obtain the representative consumer. Hence,
our model can be used to asses whether the type of aggregation that com-
plete markets facilitate is in fact quantitatively relevant for the predictions of
the model. Table 4.6 reports standard deviations and correlations in the
usual way in the RBC tradition '°. The first column in the table reports stan-
dard deviation of consumption, investment, capital stock, hours of work,
and labor productivity relative to the standard deviation of output. The sec-
ond column reports the correlations with output.

A salient feature from table 4.6 is that even with incomplete markets,
the indivisible labor model still predicts large fluctuations of hours worked,
together with large fluctuations in output. These fluctuations are substan-
tially larger than in the usual divisible labor model with complete markets,

16. That is, averages of 100-time series with 120 periods in each of them, logged and detrended
using the HP-filter. We discarded the first 1,000-time periods in each series to reduce the effects
of initial conditions. In the examples reported in the table, we assume %, = 0.4 and B= 1.
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TABLE 4.6: Deviations and correlations

X C Inv. K H Y/H

% sdl (Y) = 2.09
std (x)/std (Y) 0.33 421 0.27 0.90 0.33
cort (x, Y) 0.39 0.96 0.48 0.94 0.43

and also larger than in the Hansen economy. Notice also that there is a high
correlation between hours and output, and yet, the correlation between
consumption and output is rather small. This later fact suggests that there is
substantial heterogeneity among households, and that at the aggregate level
aggregation is far from perfect (in the complete markets version of the mod-
el this correlation is close to 0.9). These findings suggest that whether mar-
kets are complete or not, i.e., whether aggregation is perfect or not, does
not seem to alter significatively some basic properties of the indivisible labor
model.
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5. Conclusion

THIS working paper shows that the combination of Parameterizing Expec-
tations Approach (PEA) with the approach in Krusell and Smith (KS) pro-
vides an accurate procedure to approximate equilibrium dynamics of incom-
plete markets, stochastic economies. It is encouraging that the quantitative
results in sections 4.3.1 and 4.3.2, using the combined approach, replicate
previous findings about the effects of incomplete markets in a production
economy without leisure. Also, we used the numerical procedure to solve a
model economy in which insurance markets are incomplete, and in which
labor is indivisible. The results from this model, in section 4.3.3, suggest that
the magnitude of the fluctuations of hours of work and of output are unaf-
fected by the market arrangement.
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Appendix 1. Implementation

THE m = b regions for £ are as follows: [1, 10], (10, 20], (20, 30], (30, 90],
(90 < &Y. For the short-run simulations, we use 2,400-time series, with 50 ob-
servations in each one, starting the simulations between 100 and 50 times
with initial conditions k', € [7.5,275]. The number of observations in each
of the m regions is between 16,000 and 33,000.

Following Krusell and Smith (KS), we approximate only the law of
motion for the mean of the stock of capital, as indicated in equation (4.1).
The length of the long-run simulation used to obtain the time series needed
to run the OLS regression to update the parameters ¥ is 20,000 periods. We
use as initial condition for these parameters the coefficients obtained from
the OLS regression corresponding to the complete markets version of the
economy. In the long-run simulation, we use 5,000 agents, reassigning in a
random way the idiosyncratic state s’ (if needed), so that ¢, approximately
satisfies the law of large numbers.

The computation of the transition matrices I1, (and therefore ¢,) in-
volves the Normal distribution (the cdf G(-) in the main text). Thanks to
the symmetry of the Normal distribution, we approximate only the right tail
of a standardized Normal distribution using a polynomial and transform the
values in the usual way: for x = 0,

(I)(x)=l—%(l+a1 X+ ap x*+ ag x° + ay x*)7H,

with @, = 0.196854, ay = 0.115194, a3 = 0.000344, a, = 0.019527. It is known
that the error in the resulting approximation is smaller than 2.5 x 10~* (see
Johnson and Kotz, 1970: 55).

In the shortrun simulations the aggregate states and the law of mo-
tion for the mean of A, determine the equilibrium prices. Therefore, to pin
down k; first we determine ¢; assuming that the equation in (2.5) holds
with equality (using the function RHS* ({2}) to evaluate the conditional ex-
pectation), and then we find k; as the residual of the budget constraint. If
the resulting k; < B, then we fix k] < B, find ¢/ as the residual of the budget
constraint, and continue to period ¢+ 1. In the long-run simulations we fol-
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low the same strategy, the only differences here are that we need to com-
pute capitals and consumptions in each period for all agents, and that equilib-
rium prices are computed using the actual average capital in the economy,
not the one predicted by the function in (4.1).

In steps 3 and 6, at the end of an iteration j, we update the coeffi-
cients fand 7 according to 6j=&; 6"+ (1 - x) Oj-1and 7j= & 7"+ (1 - &) ¥;_1,
where 6j-1and y;_, are the vectors of coefficients in place in the previ-
ous iteration, 0" and 7" are the vectors of coefficients obtained in the regres-
sions corresponding to the jiteration, and x;5 € (0,1) are two constants go-
verning the speed of convergence. We use k; = 0.6 and &, = 0.1. We stop ite-
rating when the rate of change of the parameters is smaller than 45 x 10~
(therefore, the average rate of change of a single parameter is about
0.01%). The choices for x;, may slow down a bit the algorithm, but they
prevent erratic behavior and cycles between two sets of almost identical pa-
rameter without never converging. Nevertheless, computing costs are strik-
ingly small: We programmed the algorithm in FORTRAN, and finding a
solution took about one hour on a desktop at 2.00GHz "’.

The results about accuracy reported in the main text suggest that the
above choices for m and for the length of each interval for k' seem appro-
priate for the assumed calibration. Nevertheless, these choices are clearly
problem-specific. Also, it is convenient to fix an upper limit for £ in the
long-run simulation (all grid methods, by construction, imply such an upper
limit). This prevents agents from becoming too wealthy, i.e., to reach an as-
set level beyond the level for which expected marginal utility is accurately
approximated. The upper limit for & should be chosen sufficiently large so
that it is rarely attained and, thus, has a negligible impact on equilibrium
prices and dynamics. In the examples reported in the main text, we fix the
upper limit equal to 300 units. With this limit, in some periods there are
about 0.2% constrained agents (this is why we start many short-run simula-
tions with initial capitals as large as 200 or even 275 units).

Tables A.1.1 and A.1.2 report the coefficients obtained with /=6 (for
reasons of space, in table A.1.1, we only report five decimal points).

17. For comparison, Obiols-Homs (2003) solves with Parameterizing Expectations Approach
(PEA) several versions of the economy in the main text and reports computing costs ranging
between 24 hours and a week on a 866 MHz computer. Carroll (2000) solves a version of the
previous economy using the KS code for MATHEMATICA, and reports a computing cost of 72
hours on a laptop at 333 MHz. Further in the text, we report that solving a similar economy
using a version of the KS approach on a desktop at 2.00GHz took about 18 hours with a FOR-
TRAN code.
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TABLEA.1.1: Coefficients 6; for /=6

m 1 2 3 4 5
1 4.77852 3.01831 2.97960 3.79865 7.02985
ki_y -0.17922 —-0.10298 —0.09588 -0.18233 -0.41915
z, -0.68778 -0.56472 —0.36441 -0.31303 -0.27321
&, -0.04029 -0.01755 -0.02272 —0.02366 —-0.03757
ki_y —-0.58368 -0.47308 -0.47107 —0.45677 —-0.33085
T -1.62376 -0.30210 -0.11870 —0.09025 —0.12861
1 23.19105 3.56037 3.03930 3.86930 7.61193
ki_y -0.49746 —-0.13698 —-0.10656 -0.19114 -0.42634
z 1.48057 —-0.54866 -0.42381 -0.31614 —0.25982
&, 1.18764 -0.06713 -0.05901 —0.04002 -0.01114
ki_y -0.81401 -0.48780 -0.46321 —0.44867 —0.33890
T -0.90191 -0.07710 -0.01393 -0.01166 -0.01919

Note: Coefficients associated to the variables in the left colum for each m. The upper panel corresponds to s = 1, the lower panel

corresponds to s = 0.

TABLE A.1.2: Coefficients y for /=6

rl 2 Y3 T4

0.1270167683 0.9655341564 0.0650106315 0.053370734

Note: Coefficients associated to equation 4.1 in the main text.
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Appendix 2. More on Accuracy

WE performe the same test as in the main text but considering observations
for both s=1 and s = 0. The results with /= 6 are reported in table A.2.1.

TABLE A.2.1.: Accuracy with Parameterizing Expectations Approach (PEA)-
Krusell and Smith (KS) (7= 3,000)

h2 h3 h4 }lS hﬁ h7 h8
1-5% 11.8 10 9.6 8.6 7 6.8 7.2
u-5% 0.8 3.2 4.2 3 4.8 5.4 7.5

Note: Test of accuracy using both s=1 and s= 0.

The differences between table 4.2 and table A.2.1 suggest that the ap-
proximation of expected marginal utility in the unproductive state is not as
accurate as in the productive state. Nevertheless, the results are still close to
the theoretical 5%. As a comparison for the results on accuracy, below we
report the results on three additional experiments. As a first example, we
compute approximations to the stationary competitive equilibrium (SCE)
using the same strategy as in the main text but assuming that agents predict
the stock of capital in the next period using a linear function: k, =y, + 7,
k,_1+7v3 2+ 74 9. The R? of the corresponding regression is 0.99995, and
the standard deviation of the regression error is about 0.52%. The goodness
of fit is not as good as with equation (4.1), but the forecast errors are not
terribly large. When we compute the test of accuracy under the previous
specification, we find that the relative frequencies in the lower 5% tail are
similar to the ones in table 4.2 (slightly lower), but the relative frequencies
in the upper 5% tail are larger (about 9.8 or even 11.4%).

Applications of PEA to incomplete markets economies, as explained
in section 3.2, are not as accurate as PEA-KS. For instance, Obiols-Homs
(2003) solves several versions of the economy in the main text but with en-
dogenous labor. The author reports that the solution passes the less strin-
gent tests 1 and 2 in the working paper version of Den Haan and Marcet
(1989). However the solution fails to pass the test in the main text (the
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statistic was never in the lower 5% tail, and that it was more than 30% of the
times in the upper 5% tail of the corresponding X* distribution).

As a last example, we implement a version of the KS approach using a
different grid method and study the accuracy of the approximation to the
SCE for a simpler version of the economy. Specifically, in this version we as-
sume that z € {0.99,1.01} with probabilities of transition equal to 0.5, ¢ con-
stant and equal to 92%, and probabilities of transition 77y, = 0.9305 and 71,y = 0.8
(same preferences and technologies as in the text). To further restrict the
state space, we assume that, in the productive state, agents are able to pro-
vide 0.327 efficient units of labor. We solve for the equilibrium by approximat-
ing the derivative of the value function on a grid, as explained in detail in
Huggett (1983) '®. In the grid, we use 620 points in the % direction (with
more points close to the borrowing limit), and 100 points in the £ direction
(these numbers of points are similar to those in KS). Decision rules associat-
ed to the derivatives of the value function are accurate up to the 107 deci-
mal point. We stop iterating in the laws of motion for average capital when
the rate of change in the parameters is smaller than 10~ Given the assump-
tions on shocks, the algorithm determines four policy functions correspond-
ing to the agent’s problem in each aggregate and idiosyncratic state s:

k (K, k 1.01,0.327), k (K, k, 1.01,0), k (K, k, 0.99, 0.327) and k (k, k, 0.99, 0).
The computing cost of the solution was almost 18 hours on a desktop at
2.00GHz.

The estimated laws of motion for average capital are as follows:

log(k)=0.09297 + 0.9618 log(k); R? = 0.92784, 6 = 0.0932%,
in good times and
log(k)=0.09 + 0.96232 log(k); R? = 0.93215, 6 = 0.0931%,

in bad times (6 is the standard deviation of the regression errors). Clearly,
the goodness of fit of these prediction rules is substantially smaller than the
one obtained by KS or the one obtained with PEA-KS. This is surprising giv-
en the presumed high accuracy of decision rules, and it represents a se-
rious indication of nonnegligible inaccuracies. The results of the test of ac-
curacy for different elements of the vector A(w;)=[1, k,_1, k, k{_] are

18. This method is less sophisticated than the KS method which approximates the value func-
tion, but still allows for choosing capital levels not in the grid by using linear interpolation, and
in principle solutions can be refined up to arbitrary accuracy.
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reported in table A.2.2 (500 realizations of the statistic, with 100 observa-
tions in each one).

TABLE A.2.2: Accuracy with a grid method (7= 100)

h* 4 ht
Lower 5% 0.6 0.4 0
Upper 5% 10.6 16.4 27.4

Note: Test of accuracy using only observations with s=1 (as in table 4.2).

We see again that even with a small sample size, the statistical test is
able to detect severe inaccuracies. These results suggest that the high accu-
racy in KS may be very specific to their approximation method, and that it
may not easily extend to other similar procedures.
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